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Abstract
We restate and prove the main theorem of the paper “Complex contact Lie groups and generalized complex Heisenberg groups”.
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1. Main theorem
It has been pointed out by several colleagues that the main theorem as stated in [1] is incorrect. The following is
the correct version of the theorem and its proof. We use the same notation and terminology from [1].
Theorem 1.1. Let (G,η) be a (2n + 1)-dimensional complex contact Lie group such that the adjoint representation
of the Reeb vector field ξ is diagonalizable. If n > 1, then ad(ξ) = 0.
Proof. Let A be the set of all eigenvalues of ad(ξ) with nontrivial eigenvectors. For each α ∈C, set
gα =
{
X ∈ g: (adH)X = αX ∀H ∈ V} = {X ∈ g: [ξ,X] = αX}.
For X ∈ g, X = cξ + pHX for some c ∈ C so that [ξ,X] = [ξ, cξ + pHX] = [ξ,pHX]. Thus, if α ∈ A − {0}, then
gα ⊂H and gα − (0) = ∅.
Claim 1. If X ∈ gα and Y ∈ gβ , then ad(ξ)[X,Y ] = (α + β)[X,Y ] and either α + β = 0 or dη(X,Y ) = 0.
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0 = [[ξ,X], Y ]+ [[X,Y ], ξ] + [[Y, ξ ],X] = α[X,Y ] + [[X,Y ], ξ] − β[Y,X].
So, ad(ξ)[X,Y ] = (α + β)[X,Y ].
In particular, η(ad(ξ)[X,Y ]) = (α + β)η([X,Y ]). By definition of ξ , the left-hand side is zero. Furthermore,
η([X,Y ]) = −2dη(X,Y ). This proves Claim 1. 
Claim 2. For any α ∈ A and X ∈ gα − (0), there is a Y ∈ g−α such that [X,Y ] = ξ + Z for some Z ∈ g0 ∩H.
Proof of Claim 2. Let α ∈ A and X ∈ gα − (0). Since dηn = 0 on H, we know that there exists Y ∈H such that
[X,Y ] = ξ +Z for some Z ∈H. In fact, if we create a basis ofH such that each element of the basis is an eigenvector
of ad(ξ), we see that there is some β ∈ A such that Y ∈ gβ and [X,Y ] = ξ +Z for some Z ∈H. By Claim 1, β = −α.
Also, 0 = ad(ξ)([X,Y ]) = ad(ξ)(Z). This proves Claim 2. 
Now to prove that ad(ξ) = 0, we need to consider three cases:
1. All eigenvalues of ad(ξ) on H are nonzero;
2. Both 0 and a nonzero element of C, α, are elements of A; and
3. A = {0}.
We will show that Cases 1 and 2 lead to contradictions.
Case 1: There are two possibilities here.
First, there may be two nonzero elements of A, α and β , such that α + β and α − β are not elements of A. In this
case, let Xα ∈ gα and Xβ ∈ gβ . By Claim 2, there is an X−α ∈ g−α such that [Xα,X−α] = ξ , since g0 = (0). Then, by
the Jacobi identity,
βXβ = ad(ξ)Xβ
= ad([Xα,X−α]
)
Xβ
= (adXα)(adX−α)(Xβ) − (adX−α)(adXα)(Xβ)
= 0,
since [g±α,gβ ] = (0). Thus, β = 0, a contradiction.
Second, there are exactly two nonzero elements of A. This is the case considered in the original paper, in which it
is shown that this assumption also leads to a contradiction. Thus, Case 1 cannot occur.
Case 2: Suppose that there is a nonzero element α ∈ A and that 0 ∈ A.
Note that, by Claim 1, [g0,g0] ⊂ V + g0. Let X1 be a nonzero element of g0. By Claim 2, there is an element X˜2
such that η([X1, X˜2]) = 0. In particular, by looking at the Jordan canonical form of ad(X1) restricted on V + g0, we
see that there is an X2 ∈ g0 such that [X1,X2] = ξ . Furthermore, by Claim 1, ad(Xj )(gα) ⊂ gα for each j = 1,2. The
Jacobi identity implies that [ad(X1), ad(X2)] = ad([X1,X2]) = ad(ξ) so that, on gα , [ad(X1), ad(X2)] = αI . But, for
any linear transformations S and T on a given vector space V , ST − T S is never a nonzero multiple of the identity.
Thus, we have a contradiction.
Since we have eliminated Cases 1 and 2 as possibilities, ad(ξ) = 0. This proves the theorem. 
It is well known that, for any complex contact Lie algebra (g, η), the Lie algebra g/〈ξ 〉 has a complex symplectic
form ω characterized by dη = π∗(ω), where π :G → G/ exp(V) is the natural projection ([2], also [3] for the real
analogue). The resulting complex symplectic manifold G/ exp(V) is homogeneous but not necessarily a Lie group. In
fact, π is a group homomorphism if and only if exp(V) is a normal subgroup of G. On the Lie algebra level, this is
equivalent to V being a subset of the center of g. Thus, the above theorem gives us the following corollary.
Corollary 1.2. Let (G,η) be a simply-connected (2n + 1)-dimensional complex contact Lie group such that n > 1.
Then G/ exp(V) is a complex symplectic Lie group such that the projection G → G/ exp(V) is a group homomorphism
if and only if ad(ξ) is diagonalizable.
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diagonalizable and nonzero. So, we see that the dimension restriction above is necessary.
Furthermore, as there are a plethora of complex symplectic Lie algebras in dimensions five and greater (e.g. com-
plexifications of the nilpotent symplectic Lie algebras as listed in [3]), we see that a simply-connected complex contact
Lie group of dimension greater than or equal to five with a diagonalizable ad(ξ) is not necessarily a generalized
Heisenberg group.
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